Lateral dynamic soil-pile interaction is investigated through an improved Tajimi type solution. The soil is treated as a continuum with hysteretic material damping as previously proposed by the authors, and the pile is modelled as beam using traditional strength-of-materials solutions. Following the pioneering work of Novak and Nogami, a more accurate analytical model for the static and harmonic response of a pile in a soil layer overlying rock is proposed, and closed form expressions for pile head stiffness are derived.
Introduction
Numerous methods with various degrees of accuracy and sophistication have been proposed in literature to analyze the static and dynamic response of piles subject to lateral loading. Among such, two major groups are distinguishable: finite element methods (FEM) ( [1] , [2] , [3] , [4] , [5] , [6] , [7] ) and boundary element methods ( [8] , [9] , [10] , [11] , [12] , [13] ). The majority of the aforementioned studies investigate single piles or pile groups embedded in homogeneous half-space and yield accurate solutions for the pile response, but have the disadvantage of being computationally intensive and time consuming, especially in three-dimensions. Rigorous analytical elastodynamic solutions ( [14] , [15] , [16] , [17] ) are likewise capable of solving the soil-pile interaction problem but have received much less attention due to due their computational complexity and sophistication. Another family of analytical models which treat the soil as a continuum while offering an approximate three-dimensional solution is based on the pioneering work of Tajimi [18] . These models ( [19] , [20] , [21] , [22] , [23] , [24] , [25] ) have attracted considerable research attention over the last decade and offer the advantage of treating the soil-pile problem in a more realistic manner than the previously considered half-space assumption, i.e. the pile is embedded in soil overlying a rigid base. For many practical applications in geotechnical foundation work, this condition is much more representative and frequently encountered than the case of a pile in an infinite half space. In addition, these solutions can be modified to consider inhomogeneity ( [26] ) and soil non-linearity ( [27] , [21] ) and offer insight into the physics of the problem ( [25] ). Winkler type analytical solutions ( [28] , [29] , [30] ) are among the most popular solutions in literature and treat the soil-pile problem by simulating the soil as bed of uniformly distributed independent Winkler springs. Such formulations have the advantage of being easily adaptable to account for soil nonlinearity and inhomogeneity. However, their accuracy strongly depends on the selection of a suitable Winkler modulus and requires careful consideration. This paper aims to provide a set of analytical tools to enable the prediction of the static and dynamic response of single piles embedded in a homogeneous soil with an emphasis on the stiffness and damping of the soil-pile system. Accordingly, lateral static and dynamic soil-pile interaction is investigated using a threefold approach: (1) the derivation of a continuum solution and the proposition of closed form expressions to obtain pile head stiffness and damping across a wide range of frequencies, (2) a literature review of Winkler moduli implemented in the classical Winkler model to assess the model performance in static and dynamic conditions, and (3) the presentation of a new dynamic Winkler modulus.
In the proposed, improved analytical model the soil is treated as a continuum using the Tajimi type solution, as presented in detail in the earlier work of Anoyatis et al. [25] . However, unlike previous Tajimi formulations where the vertical soil displacement component was not included in the analysis ( [19] ), the Anoyatis et al. improved solution accounts for vertical soil displacement and its effect on 3 horizontal and tangential soil response. The reaction of the soil layer to the pile motion was obtained in closed form and implemented in the solution of the soil-pile interaction problem, while additionally considering compatibility of displacements at the soil-pile interface. The pile is modelled as a vertical cylindrical beam in the framework of the strength-of-materials solution and follows the pioneering work of Novak and Nogami [20] . A more accurate analytical model is then presented for the static and harmonic steady state response of a single pile embedded in a soil layer overlying a rigid base. Closedform solutions in terms of infinite Fourier series are obtained for static and dynamic pile head stiffness and damping ratios for a hinged tip pile. The predictions of the proposed model are validated through comparisons against the rigorous solutions of El-Marsafawi et al. [6] and Syngros [7] . The traditional Winkler model was reviewed as a simple alternative for predicting pile stiffness and damping. An extensive literature review on existing static and dynamic Winkler moduli demonstrated that the Winkler model's capability to predict pile head stiffness is highly affected by the selection of a suitable modulus and was found to be satisfactory in static conditions. A review to this extent has not been made available yet in literature. Most existing expressions for dynamic Winkler moduli were found to render the model incapable of capturing the resonant effects associated with a reduction to a minimum value in pile head stiffness and an increase in corresponding damping ratios. Only Mylonakis [30] provides an expression for dynamic conditions but its applicability is limited to ⁄ < 10. Therefore, a novel expression for a dynamic Winkler modulus was derived by taking the limit of Poisson's ratio equal to 0.5 in the classic dynamic plane strain modulus of , [28] ). Further modifications account for cutoff frequency effects (i.e., using a frequency-dependent parameter obtained from the proposed analytical model) as well as for the compressibility of the soil medium (i.e., using a compressibility parameter obtained from the proposed model in conjunctions with an empirical parameter to account for Poisson's ratio effect as proposed by Anoyatis et al. [25] ). Implemented in the Winkler model this expression is capable of accurately computing dynamic stiffness attenuation and damping for a wide range of pile slenderness ratios implemented in practice ( ⁄ ≥ 10). This expression significantly reduces the computational effort, while maintaining an adequate level of accuracy for frequencies up to the first resonance.
This study offers a direct application to conventional static and dynamic SSI analyses as it provides frequency dependent springs and dashpots in closed form (dynamic pile impedances) to account for the more realistic condition of a superstructure (e.g., wind turbines, bridge piers, tall buildings) resting on a flexible base rather than the traditional fixed base assumption. Figure 1 depicts a solid pile of length and diameter embedded in a homogeneous soil layer of thickness (= ) overlying rigid bedrock. The pile is subjected to a harmonic horizontal load ( , ) = at the pile head which causes a harmonic horizontal pile displacement in the form ( , ) =
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Proposed model
( , )
. Hereby is the time variable, is the cyclic excitation frequency and (= √−1) is the imaginary number. The pile is modelled as a beam using traditional strength-of-materials solutions and characterized by a Young's Modulus and mass density . The soil medium is treated as a continuum (Anoyatis et al. [25] ) and parameterized by its shear modulus , soil mass density and Poisson's ratio . Pile analyses under the applied loading are conducted in static and dynamic regimes. The dynamic soil analysis considers hysteretic soil material damping expressed through the complex valued shear modulus * = (1 + 2 ). The pile tip connection is assumed to be hinged, i.e. the pile tip is free to rotate, but cannot move laterally relative to the rigid base, as depicted in Fig.1 . Perfect soil-pile interface contact is assumed over the entire length of the pile. The overall soil-pile interaction analysis is decomposed into two components: (i) the analysis of the soil which was presented in a previous study by
Anoyatis et al. [25] and (ii) the analysis of the pile, which is performed in this manuscript. Hereby, dynamic and static conditions are investigated separately and are presented in two-fold equations as part (a) and (b) for dynamic and static conditions, respectively.
Review of Soil Analysis
The dynamic horizontal resistance of the soil to lateral pile motion ( , ) = ( , ) can be obtained through the following expression ( [19] , [25] ):
where is the soil reaction factor, is the amplitude of lateral pile displacement, is the soil mode and subscript denotes the m-th mode ( = 1, 2, 3 … ).
The m-th soil mode is expressed through a simple frequency-independent sinusoidal function
where = (2 − 1) (2 ) ⁄ is the m-th eigenvalue of the boundary value problem and is associated with the m-th resonant of the soil-pile system.
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The soil reaction factor is expressed in terms of the modified second kind Bessel functions of first and zero order, 1 ( ) and 0 ( ), respectively ( [25] ): 
where and are compressibility parameters: 2 2 and 11
Note that in the alternative solution of Nogami and Novak [19] the reaction factor is obtained for
where is the Poisson's ratio.
The dimensionless frequency-dependent parameter s in Eq. (3) is expressed as:
where a 0 = ⁄ is a commonly used dimensionless frequency with being the propagation velocity of shear waves in the soil layer. a , is the cutoff frequency of the m-th mode in an undamped soil medium ( = 0) and is defined as a , = (2 − 1)( 2 ⁄ )( ⁄ ) −1 .
Pile Analysis
The lateral pile motion under dynamic and static conditions can be expressed using Eqs. (6a) and (6b), respectively. These governing differential equations are established from the equilibrium of horizontal forces acting on a pile segment ( [20] , [26] 
By substituting the soil reaction described via Eqs. (1) - (5) into the pile equilibrium equations, Eqs. (6) can be rewritten in terms of pile displacement as:
The solution to the above equations can be found by summing the solution of the homogeneous equations, ℎ (Eqs. 9), and a partial solution ; i.e., = ℎ + .
The homogeneous equations are written in condensed form as follows: 
The solutions to Eqs. (9a) and (9c) are obtained as:
where , , , are integration constants to be determined from pile boundary conditions at head and tip and differ for static and dynamic loading.
Assuming the partial solutions to be in the following form The pile displacement can now be rewritten as ( = ℎ + ):
Note that Eqs. (13) are essentially an alternative representation of Eqs. (7) and can be equated as shown in Eqs. (14):
Taking into account the orthogonality of the soil modes (∫ 0 = 0, ≠ , [25] ) all terms in Eqs. (14) can be expressed in terms of series (Appendices A and B). Thus, the coefficients ( ) and can be written as follows
The coefficients are provided in Appendices A and B for dynamic and static loading, respectively. = − ( ) and ℎ = − ( ).
Dynamic conditions
The dynamic stiffness in swaying ( ℎℎ * ) and cross swaying-rotation ( ℎ * ) are shown in Eqs. (19) and (20) . The coefficients and are provided in Appendix C (Eqs. C.3). 
The dynamic stiffness in rotation ( * ) and cross swaying-rotation ( ℎ * ) are shown in Eqs. (21) and (22) . The coefficients and are provided in Appendix C (Eqs. C.4). 
Note that in Eqs. (19) - (22) parameter is obtained from Eq. (9b).
Static conditions
In static conditions the stiffness in swaying ( ℎℎ ) and cross swaying-rotation ( ℎ ) can be written as: (24) where and are given in Appendix D (Eqs. D.3).
Static stiffness in rotation ( ) and cross swaying-rotation ( ℎ ) can be expressed as: 22 13 11 6 sin sin
where and are given in Appendix (Eqs. D.4).
A comprehensive set of published static pile head stiffnesses ( ℎℎ , , ℎ ) derived for various pile-soil configurations (i.e., soil-pile stiffness ratios and pile geometries) are presented in Tables 1 -3 . The performance of the proposed analytical model is evaluated against rigorous results obtained from two different finite element codes, namely of El-Marsafawi et al. [6] and Syngros [7] . Both FE solutions offer similar predictions of pile head stiffnesses and are both included in this study for completeness. Results obtained from the proposed model were found to be in very good agreement with results from ElMarsafawi et al. [6] and Syngros [7] . It is evident that the proposed solution yields better predictions than those obtained from Novak and Nogami [20] for all cases examined.
Prior to comparing the proposed model with existing analytical solutions, its capability to accurately predict dynamic pile head stiffnesses ( ℎℎ , , ℎ ) is first evaluated against finite element results using the commercial finite-element code ANSYS [32] . The numerical model in Di Laora and Rovithis [33] developed to investigate the behavior of kinematically-stressed piles, was used in this study to conduct numerical analyses in the frequency domain and considered constant hysteretic soil damping of 5 %.
Taking into account the axisymmetric pile geometry and the antisymmetric loading condition, the threedimensional soil-pile system was reduced to a two-dimensional system, where four-node axisymmetric 2D elements were used to mesh the soil and pile media ( [34] ). The thickness of the soil layer (equal to the pile length) was set equal to 20 and elements were assigned dimensions of 4 ⁄ in the vertical direction and 6 ⁄ (at the pile-soil interface) to 1. 5 (at lateral boundaries) in the horizontal direction.
Vertical displacements were restrained at the lateral model boundaries (400 from the pile axis) and base 11 nodes were restrained against horizontal and vertical displacements to accurately model the rigid base.
Comparisons of FEM and proposed model results as shown in Fig. 5 indicate excellent performance of the proposed model for ⁄ = 1000 and 5000 for all three stiffnesses across the entire range of frequencies examined. Good performance was observed for stiff soils ( ⁄ = 100), for stiffness , and ℎ , divergence (< 25 %) is found for the stiffness ℎℎ close to resonance.
Review of the Winkler model
The Winkler model is widely used for the analysis of piles under static and dynamic loads. The pile head stiffness for laterally loaded, finite length piles with hinged conditions at the tip was previously expressed by Mylonakis [35] . Instead of implementing this complex formulation, a simple expression pertaining to an "infinitely-long pile" is used in this study: Tables 4 and 5 present an elaborate extension of the work by Shadlou and Bhattacharya [23] and offer a more complete presentation of static and dynamic Winkler moduli and damping ratios available in literature ( [36] , [37] , [38] , [39] , [4] , [40] , [41] , [42] , [30] , [43] , [7] , [31] , [28] , [29] , [44] , [45] ). While Roesset [39] suggested a simple value for the Winkler modulus equal to 1.2 , Dobry et al. [4] suggested an expression, which additionally encompasses the effect of pile-soil stiffness ratio. Based on regression analyses from results pertaining to a pile embedded in a homogeneous halfspace Syngros [7] proposed simple expressions for estimating static pile head stiffness in swaying for both fixed-and free-head piles. A graphical comparison of the above Winkler expressions is shown in Fig. 2 [43] and Syngros [7] do not depend on pile slenderness / , but depend on stiffness ratio ⁄ which is reflected by a decrease in Winkler modulus with increasing ⁄ . This decrease is stronger in Kavvadas and Gazetas [41] , Mylonakis [43] and Syngros [7] for freehead piles. Note that the expressions proposed by Mylonakis [43] and Kavvadas and Gazetas [41] are derived for kinematically-stressed piles. These expressions will not be used for computing pile head stiffnesses hereafter, as they do not offer reliable results for piles subjected to inertial loading. However, expressions are included in Table 4 for completeness and will be utilized in a future studies for predicting the kinematic pile response. Results shown for Mylonakis [30] are based on an analytical model in which a sinusoidal (Mylonakis* [30] ) and an exponential (Mylonakis** [30] ) shape function is assumed to describe the lateral pile displacement along the pile length. As shown in Fig. 2 the exponential based solution accounts for the pile-soil stiffness ratio, which is not considered in the sinusoidal solution.
However, the effect of pile slenderness is practically negligible as results for / = 20, 40, 100
converge in a single curve.
Expressions for dynamic Winkler springs and dashpots from the literature are shown in Table 5 which describes an infinitely long pile embedded in halfspace. In addition to Baranov-Novak, simple expressions were proposed by Dobry et al. [4] , Gazetas and Dobry [44] and Makris and Gazetas [45] for stiffness and damping. While stiffness coefficients are independent of excitation frequency, coefficients for damping were derived from finite element results. These expressions can be considered advantageous over the plane strain model as they can account for static spring stiffness, while the plane strain collapses at = 0. Mylonakis [30] proposed a complex valued modulus * which was derived under the consideration that the horizontal soil slice is compressible (normal stresses are included), thus accounting 13 for the thickness of the soil layer. By assuming a sinusoidal and an exponential shape function and integrating the governing equations over the thickness of the soil profile an expression identical to the plane strain was derived, yet the 3D effects are incorporated through the modified parameter . Figure 3 depicts the variation of the dynamic Winkler moduli summarized in Table 5 as a function of frequency a 0 for a damped soil ( = 0.05). Fig. (3a) shows that the dynamic plane strain modulus increases with increasing frequency. The highest rate of increase is observed for a frequency range of 0 < a 0 < 0.5, while for frequencies a 0 > 1 the dynamic spring stiffness reaches a plateau ( ≈ 4 ).
The increase of damping ratio with increasing frequency is noticeable. The simple expressions of Gazetas and Dobry [44] and Makris and Gazetas [45] underestimate the damping ratio at low frequencies, with respect to the plane strain model, and overestimate at higher frequencies. The Dobry et al. [4] curve underestimates the damping ratio, especially for frequencies a 0 < 0.5. The Gazetas and Dobry (and the Makris and Gazetas) spring can be viewed as an average value of the plane strain spring. frequency of the soil medium, i.e., the same resonant frequency is obtained for all pile slenderness ratios (or thickness of the soil layer) and attains a random value.
Static pile head stiffnesses
The expressions for static Winkler moduli presented in Table 4 are implemented in the Winkler model (Eqs. 28, 29) to compute static pile head stiffnesses in swaying ℎℎ , rotation and cross swayingrotation ℎ . Results are shown in dimensionless form in Fig. 4 and compared to more accurate predictions of Novak and Nogami [20] , rigorous finite element results from Syngros (Tables 1 -3), as well as the proposed model from Eqs. (19) - (22) . In addition, results from the simplified expressions of Gazetas [46] and Syngros [7] (Table 6 ) are included. These simple expressions are obtained through curve fitting of FE results of piles embedded in a homogeneous half space. Results from Novak and Nogami [20] as well as from the proposed model suggest a monotonic decrease of pile head stiffness ( ℎℎ , , ℎ ) with increasing pile slenderness (or thickness of the soil layer, = ). Hereby the proposed solution provides a much closer agreement to the FE solution by Syngros [7] . The decrease in stiffness is more pronounced in the presence of very soft soil (i.e., / = 5000), and occurs predominantly in the range 10 ≤ ⁄ ≤ 50. Simplified expressions ( [46] , [7] Figure 6 presents the dynamic springs normalized by its static value, the dashpot expressed through the damping ratio , and the frequency normalized by the natural frequency of the soil layer. Results are shown for an undamped, = 0, (Fig. 6a) and a damped, = 0.05, (Fig. 6b ) soil for four different pile slenderness ratios, / = 10, 20, 40, 100. The dynamic stiffness is observed to be higher for longer piles, while the damping ratio is practically equal to the soil material damping and independent of pile slenderness as indicated by the convergence of all curves below resonance. When approaching resonance damping is affected by the pile slenderness and curves slightly diverge at = 1 for = 0.05. All real (stiffness) and imaginary (damping) curves from Eq. (46) and Eq. (48), respectively, converge in a single curve beyond resonance (Fig. 7) .
Note that the modulus in Eq. (46) is proposed for computing the normalized dynamic stiffness ⁄ only and does not yield accurate static pile head stiffnesses ( = 0). For calculating static pile head stiffnesses the proposed, more accurate analytical solution (Eqs. 23 -26) or the Winkler model with reasonable expressions from literature (Figs. 4) should be used. The suitability of the proposed Winkler modulus to compute pile displacement and bending profiles will be investigated as part of future studies.
Dynamic pile head stiffness
The dynamic Winkler springs and dashpots presented in Table 5 (schematically shown in Fig. 3 Divergences from the proposed continuum solution in the high frequency range shown in Fig. 9 is calculated to be less than 5 %. It therefore offers a promising and computationally efficient alternative to the complex plane strain expression historically used in dynamic pile analyses. Figure 13 shows a comprehensive summary of all dynamic pile head stiffnesses and damping ratios up to the first resonance over a wide range of pile slenderness and pile-soil stiffness contrasts using the proposed analytical continuum model. This frequency range is of particular importance as the soil-pile system reaches its minimum stiffness. Simultaneously damping reaches its maximum value prior to resonance. For each specific pile geometry (i.e., ⁄ = 10, 20, 40, 100) a set of three curves representing ⁄ is shown for ℎℎ , , ℎ , respectively. Hereby the highest curve (curve with the smallest gradient towards resonance) corresponds to the lowest ⁄ . This illustration is reversed for damping ℎℎ , , ℎ . With increasing pile length the drop in stiffness and increase in damping reduces.
For long piles ( ⁄ = 100) all stiffness values are practically equal to the static value, i.e., the dynamic amplification is negligible. Simultaneously, damping is approximately constant over the entire frequency range with ℎℎ ≈ , ≈ 2 ⁄ , ℎ ≈ 4 ⁄ . For shorter piles differences in stiffness and damping components are more pronounced. For a given ⁄ , ℎℎ exhibits the biggest drop followed by ℎ , while shows the smallest reduction. Damping closely follows this trend in reversed direction. The effect of ⁄ on a specific stiffness component ( ℎℎ or or ℎ ) can be described as follows: ℎℎ is more prone to changes in pile-soil stiffness as shown by the distance between the respective ⁄ curves. This effect does not increase linearly. The influence of ⁄ reduces for ℎ and , with the latter being the least affected. Differences for damping components are more pronounced for ⁄ = 10. while ℎℎ is relatively independent of ⁄ before approaching resonance and ℎ show distinct differences for ⁄ over the entire frequency range. These differences gradually reduce with increasing ⁄ .
Summary
An improved analytical model for dynamic soil-pile interaction in lateral mode was derived. This model is based on a Tajimi type continuum solution for the soil medium previously developed by Anoyatis et al. [25] . The proposed model closely follows the solution of Novak and Nogami [20] , yet yields more accurate predictions for static and dynamic pile head stiffness and damping. In addition to the continuum solution, a new expression for a dynamic Winkler modulus to compute pile head stiffness is proposed.
The main findings of the study may be summarized as follows:
a. Closed-form solutions for static and dynamic pile head stiffness ( ℎℎ , , ℎ ) and damping 
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